We investigate the influence of the Coulomb interaction on laser-assisted Mott scattering. This is done by using an approximation in which the initial state of the electron is described by a Coulomb function modulated by the laser in the same way as a relativistic Volkov state. Numerical calculations are carried out for medium field intensity, and compared with the corresponding results obtained within the first-order Born approximation (where Coulomb distortion effects are neglected). It is found that the differential cross sections of the present treatment agree well with the Born predictions at small angles. With increasing scattering angles, however, including the Coulomb interaction enhances the cross section, as compared to the first-Born results. Furthermore, we show that the Coulomb distortion of the electron motion leads to a qualitatively different dependence of the cross sections on the laser frequency at high frequencies. The dependences of the differential cross section on the other field parameters, impact energy and the charge state of the residual ion are also studied.
Introduction
The availability of ultra-intense lasers [1] and high-energy electron [2] beams opened the way for the investigation of laser-assisted electron-nucleus scattering in the relativistic regime. These advances have triggered a renewed interest in the theoretical aspects of this process. Here we mention several theoretical studies on laser-assisted Mott scattering which are of direct relevance to the present work: based on the theory of Denisov and Fedorov [3] the relativistic potential scattering in the presence of a strong laser field has been investigated in the first Born approximation (FBA) [4] [5] [6] [7] . Rosenberg and co-worker [8] studied the laser-assisted relativistic scattering of a charged particle by a force centre using variational approaches. Roshchupkin [9] developed a second-order Born approximation to analyse the relativistic scattering from a Coulomb potential. Hovhannisyan et al [10] presented a treatment of the scattering by an atomic target at small angles in the eikonal approximation. This was done by modelling the atomic scattering potential by a screened Coulomb potential with a nuclear charge Z = 1 au and a screening length = 4 au.
All the above treatments are expected to perform satisfactorily in low order approximations or at small scattering angles. For large scattering angles, however, the consideration of higher order corrections is necessary, but this is a difficult problem with no known analytical solution. In contrast, the cross section for laser-free, non-relativistic scattering from a pure Coulomb potential is known in closed analytical form. In this paper, we propose a method to treat the laser-assisted scattering of a relativistic electron from the Coulomb field of a bare nucleus (Mott scattering), and refer to it as the Coulomb approximation (CA). Within the approximation specified below, an analytical expression for the laser-modified cross section is obtained. The physical content of this approximation and the consequences of including the Coulomb interaction in the theory are demonstrated by numerical calculations of the cross section at various field parameters and for different electron energies and charge states of target.
This paper is organized as follows: in section 2, we derive the CA scattering matrix elements and cross sections. In section 3, we present numerical results and compare them with the results obtained by the FBA. The main conclusions and the validity of the approximation are briefly summarized in section 4. The Minkowski metric tensor g µν = diag(1, −1, −1, −1) and atomic unitsh = m = e = 1 are used throughout.
Theory
For simplicity, we treat the laser field as a linearly polarized classical electromagnetic field described by the four potential
where A = (0, A), A is the amplitude of the vector potential, and
, k is the four-wave number. The S-matrix (prior form) for the electron-nucleus scattering assisted by such a laser field is
Here Z is the charge of the target,ψ f = ψ † f γ 0 , and ψ f is the outgoing state of the electron which is described by the relativistic Volkov wavefunction normalized in the volume V [11] , i.e.
The prime is used as a super index to label the quantities of the final state electron. u represents a bispinor for the free electron which satisfies the Dirac equation in the absence of the laser, and which is normalized asū u = u † γ 0 u = 2c 2 . The notation v / for a certain four-vector v means the multiplication by the Dirac matrix γ µ while summing over the index. q = Q c , q is the averaged four-momentum of the electron inside the laser field with describes the initial state of the electron when subjected to the simultaneously influence of the laser and the Coulomb field of the target nucleus. No exact (analytical) solution is available for ψ (+) i . In this work we approximate this state by a Coulomb wavefunction [11] phase-modulated by the laser in the same way as the relativistic Volkov state. Specifically we use
where
is the relativistic Sommerfeld parameter and α is the fine structure constant. G = e πξ/2 (1 − iξ) is a normalization factor and 1 F 1 (a, b, c) is the confluent hypergeometric function in the notation of [12] .
To obtain analytical results we proceed as follows. We insert equations (3) and (5) into the formula for the S-matrix (given by equation (2)) and exploit the expansion
With the aid of the formula for the Bessel functions [13]
we can then perform the integration over the time variable in the scattering matrix and obtain
where [14, 15] 
and
Here we have introduced the abbreviations
The differential cross section dσ for the laser-assisted free-free transition is proportional to the modulus square of S f i , to the density of final states |q in phase space divided by the time T and to the incoming flux of electrons [4] . Hence we write
Integrating over the final state energy Q , we obtain the cross section differential in the solid angle of the scattered electron
Usually the experiments cannot resolve either the initial or the final spin polarizations. Thus, it is of interest to inspect the spin-unpolarized cross section dσ d
which is obtained by summing equation (16) over the final spin states and averaging over the initial spin polarizations [16] , i.e.
The sum over the spins can be evaluated with help of the well-known identity
By utilizing this relation we obtain the final expression
The function M has the same form as in [7] 
In equation (20) , the Coulomb modification is reflected in the factor G and the integral I of equation (9). If we neglect the distortion of the Coulomb field, i.e. if we set the Sommerfeld parameter ξ = 0, we recover the corresponding expression obtained within the FBA.
Results and discussion
In this section we analyse the numerical results for the Mott scattering assisted by a linearly polarized laser field in the CA, and make a comparison with the corresponding results obtained within the FBA [7] . As in [7] , we choose the origin of the frame of reference to coincide with the target which is supposed to be an infinitely massive nucleus. The z-axis lies in the direction of the incident momentum p of the impact electron, the y-axis is chosen along the direction of the field wave vector k, and the electric field vector E 0 is supposed to be in the xz-plane.
In figure 1 we display the multiphoton cross sections (given by equation (20)) at a scattering angle of 90
• versus the net number of photons transferred between the colliding system and the background laser field. The scattering geometry is such that the laser polarization is parallel to the incident momentum. It is found that accounting for the Coulomb distortion effects on the initial state leads to an enhancement of the cross sections, as compared to the cross sections obtained within the FBA. The cross section enhancements for photoemission (l > 0) are stronger than those for photoabsorption (l < 0), but the latter cover a much larger photon number range l.
In figure 2 the summed differential cross sections, as obtained from equation (19), are depicted. At small scattering angles, all four curves merge together, which suggests that the Coulomb field modifications are negligible and the FBA delivers satisfactory result. We recall that the laser field considered here is of a medium strength (E 0 = 0.01 au = 5.14×10
7 V cm −1 ) and that small angle scattering events correspond to collisions at large impact parameters for which case the influence of the nucleus field on the initial electron state is less prominent. With increasing scattering angle, however, the incorporation of the Coulomb field effects of the residual ion results in cross sections that are larger than the FBA cross sections. This behaviour is valid for the laser-free and for the laser-modified case. From a physical point of view this behaviour is comprehensible since scattering through large angles requires a close encounter with the charged ion. In this case the Coulomb distortion of the initial state ψ (+) i becomes significant. Figure 3 shows the summed cross section versus the azimuthal angle of the scattered electron. Although the present results are higher than those yielded by the FBA, the curve varying tendencies in both approximations are more or less the same for almost all angles except for φ = 270
• , at which the large discrepancies between both approximations are supposed to be caused by the singularity feature of the integral in equation (9), and hence we judge that it is not physical. At φ = 90
• the laser-modified cross sections in both approximations coincide with the corresponding results in the laser-free case.
Figures 4-6 are respectively the summed cross section dependencies on the field strength E 0 , the polarization direction and the impact energy T i at the scattering angle θ = 90
• . In these figures, the CA results both in the laser-free and in the laser-modified cases are larger than the corresponding results obtained by means of the FBA. Although the shapes of the FBA and CA cross sections are quite similar, the effect of the Coulomb field of the residual ion cannot be modelled by simply scaling up the FBA results by a constant factor. The enhancement of the cross section when the Coulomb distortion is incorporated is understandable due to enlargement (by the Coulomb field) in the scattering region where energy and momentum can be exchanged.
In figure 7 the summed cross section is plotted against the field frequency. The general tendencies are the same in both the Coulomb and the first Born approximations. However, for the CA calculation, the laser-modified curve merges with the results for the laser-free case at much higher frequencies of the laser field than the FBA results do. The reason for this behaviour is that the laser-field properties determine the behaviour of the Coulomb-Volkov wavefunction of equation (5), e.g. through the frequency-dependence of the four-momentum q (see equation (4)) which enters the normalization factor G and the argument of the confluent hypergeometric function 1 F 1 (iξ, 1, i(|q x| − q · x)). Figure 8 illustrates the dependence of the cross sections on the charge state Z of the target nucleus. As is to be expected, increasing the nucleus charge Z enhances the strength of the Coulomb field of the ion. Consequently, the deviations between the CA and the FBA results become more serious for large Z. The magnitude of the difference between the FBA and the CA cross sections has to be deduced from the full numerical calculations since in the CA the charge Z enters the calculation dynamically through the Sommerfeld parameter ξ (in contrast, the FBA cross section is simply proportional to Z 2 ).
Final remarks and conclusions
Although many efforts were made to advance beyond the first-order Born approximation, most of them have a limited range (beyond FBA) of applicability at the expense of significant complications in the theory [9] . In this paper we investigated laser-assisted Mott scattering in the Coulomb approximation which is supposed to yield reasonable results for a laser-free case when the kinetic energy of the impact electron is far greater than its potential energy in the field of the target nucleus. At small angles, the results of the present treatment agree well with those of the FBA. With increasing scattering angles, however, we observe significant effects upon including the Coulomb field of the residual ion in the theory. In general the cross sections evaluated within the Coulomb approximation are larger than the FBA predictions. In particular, the incorporation of the Coulomb ionic field leads to a qualitatively different dependence of the summed cross sections on the laser frequency in the high frequency regime: the CA results merge together with the laser-free results at much higher frequencies than the FBA results do. The discrepancies between CA and FBA are more noticeable in the photoemission processes (induced Bremsstrahlung) than in photoabsorption (inverse Bremsstrahlung). The dependencies of the differential cross section on other field parameters, on the impact energy and on the charge state of the residual ion have also been investigated. While the Coulomb-Volkov state is well known in non-relativistic strong laser physics [17] [18] [19] [20] , the accuracy of this approximation for the relativistic scattering remains an open question. In the absence of full ab initio calculations and/or appropriate experiments that may judge the accuracy of this approximation one has to consider the present findings as a preliminary description of the laser-assisted, relativistic Mott scattering. One may, however, hope that for the medium laser intensities, as considered here, the CA approximation will be of comparable accuracy as in the laser-free case.
In the present study we utilized the prior form of the S-matrix. Formally, one may equally express the S-matrix in the post form where the final state is treated as a relativistic Coulomb-Volkov state. Generally speaking, for the laser-free case, both the prior and the post forms give exactly the same results for the cross sections when the spacetime integration in the S-matrix is performed. This is because the momenta and the energies of the initial and the final states are of the same magnitude. For the laser-assisted case, however, differences may occur between both forms due to the energy and momentum transfer between the colliding system and the laser field. But for the medium field intensity that we consider in the present calculation, no significant difference will occur between both forms.
